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Abstract 



Generalizing [BrFa| we prove the existence of a bilipschitz embedded 
manifold of pinched negative curvature and dimension mi + m2 — 1 in the 
product X := X™ 1 x X™ 2 of two Hadamard manifolds X™* of dimension 
rrii with pinched negative c urvature . 

Combining this result with [ BuySch we prove the additivity of the hyper- 
bolic rank for products of manifolds with pinched negative curvature. 



1 Introduction 



In [BrFa| the authors proved that the product X :— H mi x ... x H mk of hyper- 
bolic spaces H mi admits an embedding of Y := H m i+---+ m k-k+i - m that is 
quasi-isometric in the sense that the Riemannian distance functions dx and dy 
on X and Y are related via 



< dy < a ■ d 



X\Y 



with constants a, (3 G 



a > 1. 



In | Foe | this was generalized to the case of Riemannian products of certain types 
of warped products, that were shown to admit bilipschitz embcddings of warped 
products of negative sectional curvature. 

In this paper we further generalize this observation proving the 

Theorem 1 Let (XJ™*,^), i = 1, ...,k, be Hadamard manifolds of pinched neg- 
ative sectional curvature — 6| < K(X" li ,gi) < — a?. Then their Riemannian 
product (X = il^jX™*, gx) admits a bilipschitz embedding of a Hadamard man- 
ifold (Y n ,gy) of pinched negative sectional curvature —b 2 < K(Y n ,gy) < —a 2 
and dimension n := mi + ... + — k + 1. 

The existence result of Theorem [j] implies the additivity of the hyperbolic rank 
for products of Hadamard manifolds with pinched negative curvature (compare 
puySchl). 
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Given a metric space X consider all locally compact CAT{— 1) Hadamard spaces 
Y quasi-isometrically embedded into X and let 



rankhX := sup dimdrxY 
Y 

over all such Y, where dimd^Y is the topological dimension of the boundary of 



Y . This invariant was introduced by Gromov (|Gr|) in a slightly stronger form, 
where he called it the hyperbolic corank. As explained in [BuySch| we will call 
it the hyperbolic rank. 



Combining Theorem [l] with the result of | BuySch we obtain 



Theorem 2 Let X = X\ x ... x X^ be the product of Hadamard manifolds with 
pinched negative curvature, then 

k 

rankhX = rankhXi. 

i=l 

2 Proof of Theorem [j] 

It is convinient to have the following 

Definition 1 Let (X,gx) be a Riemannian manifold. A function f : X — > M 
is said to have pinched convex levels, if there are constants < ci < c-i such 
that for any unit speed geodesic c : {—rj, rf) — ► Y with c(0) _L gradf(c(0)): 

a < (/oc)"(0) < 02. 

We now prove the 

Lemma 1 Let (Y,gy) be a complete Riemannian manifold with 

1) |AT | < A, 

such that there exists a function f : Y — ► K satisfying 

2) \\gradf\\ = l, 

3) / has pinched convex levels and 

4) K(a p ) < — S for all planes o~ p with grad f(p) c o~ p . 

Then (Y,gy) is lipshitz eguivalent to a Riemannian manifold of pinched negative 
sectional curvature. 

Proof of Lemma [l]: 

First note that condition 2) implies that Y splits into a product Y = K x N 
such that 
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a) R x p is orthogonal to N* := t x N for alii e K and p e N and R lies totally 
geodesic in y, i.e. locally the metric is given by 







V o 



... \ 

9i 3 (t,y k ) 

J 



r e 



Now 1) and 3) guarantee that 

b) the Riemannian embedding N — > (Y, gy) is strictly convex in the sense, 
that its second fundamental form tensor is strictly positive definite, i.e. V 



B e T p N with \\B\\ = 1: 



II(B,B) > e and 

c) the intrinsic sectional curvature's absolute value ^^(A)! of any tangent 

plane A that is tangent to N is bounded by some real number C\\ 

\K N m < a, 

From 1) and 4) it further follows that 

d) the sectional curvature K(T,) of any tangent plane S spanned by a vec- 

tor tangent to N and the coordinate vector J^| t is bounded by negative 
constants —S',—S: 

-5' < A-(E) < -S. 

Finally 1) can be rewritten as 

e) the norm of the curvature tensor R 9Y of gy being bounded: 
U || := sup \ < R Al a 2 A 3 ,A 4: > } < C 2 . 



up I < R Al 

•II<1 1 



We now stretch the metric into the direction of grad f by some factor. Thus 
consider locally for A ^ the metric 



/ £ ... \ 




V o 



In the following we indicate all objects coming from the metric h x with an 
additional subscript A. 
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Let r be an arbitrary tangent plane in TY spanned by the two /i A -orthonormal 
vectors 



A + B 



d 
l dl 



ui 9 

+ b 7T, 
(t,y k ) oy* 



(t,y k ) 



and 



C = 



(t,y k ) 



The sectional curvature K X (A + B,C) is given via 



K X (A + B,C) = < R X A C A, C > A + 2- < R X A C B, C >\ 



(1) 



Let T^- denote the Christoffel symbols of gy and f \- those of h x . It is obvious 



that r? 



r^,. for k ^ 1 and = A 2 L 4 1 7 -. Further note that = = Fj 



Write Rgigjd k = J2i ^-ijk 9 ^ tnus ^ follows immediately from 



ir 



R 



dr 



■i j k 



i k 



dy l 



1 ik 1 jh 



jk ih 



that < R\ C A, C >a=< RacAC > and < R X AC B.C >a=< RacB,C >. 
With that, equation (|l]) turns into 

K X (A + B,C) = K(A,C) A 2 < A,A> X <C,C > A 



2 • A <Ra c B,C> 

K X {B, C) < B,B > A < C, C >; 



(2) 



Since gy\N = ^ A |w the intrinsic curvature of TV is independent of the particular 
choice of A. The Gauss equation yields with B = [iB, < B,B >\= 1: 

K X (B,C) 



= K N {B 1 C) 

= K N (B 1 C) 
< d - A 2 • 



ir(B,B)ir(c,c) - ir(B,c)ii x {B,c) 

A 2 • \lI(B, B)U(C, C) - II(B, C)II(B, C) 



where the inequality follows from b). 
Thus equation (||) takes the form 

K X (A + B,C) < -6-\ 2 - < A,A> X <C,C > x 

+ (Ci - A 2 • e 2 )- < B, B > A < C, C > x 
+2A • C 2 



—A 



i{5,e 2 } + d + 2XC 2 . 



(3) 



Hence for A > C2+ V C2 +^' 1 ' r " m f ^lJ. m^gg (y a Ri emann i an manifold 
of negative sectional curvature. 
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|i£'( y >ff y )| < A and the Gauss equation yield an upper bound e' for 



II(B,B)n(C,C) - n(B,C)II(B,C) < e' 1 
and analogue to equation (|^) one finds 

K X (A + B,C) > -A 2 max{<5',e' 2 } - d - 2AC 2 . 
Furthermore it is obvious that h x is Lipschitz equivalent to gy . 

Applying Lemma ^ we can prove the following 



(4) 



q.e.d. 



Proposition 1 Let (Xi, g Xi ), i = 1) 2, be Riemannian manifolds satisfying con- 
ditions 1) — 4) of Lemma |^. Then the natural Riemannian embedding (Y,gy) 
ofY = R x iVi x N 2 in (X,g x ) = {X 1 . i g Xl ) x {X 2 ,g X2 ), with 



i: {t,y k ,y k ) 



(t,y k Ay k ) 



is Lipschitz equivalent to a Riemannian manifold of pinched negative sectional 
curvature. 

Proof of Proposition [l]: 

As in the proof of Lemma [l] we first note that conditions 1) — 4) imply the 
following: 

Xi is a product manifold Xi — Rx Ni of the real numbers R and a n^-dimensional 
manifold Ni and the metric g Xi is such that 

i) R x p is orthogonal to Nj := t x Ni for all t G R and p G Ni, and R lies 
totally geodesic in Xi: 



I I ° 







9Xi 



9ij(t,y k ) 



V o 



< I 



o 



gx 2 



9ij(t, y ) 



V o 



ii) the Riemannian embeddings Ni 



(Xi , g Xi ) are strictly convex in the 



sense, that their second fundamental form tensors II 1 are strictly positive 
definite, i.e. V^G T p N l with \\Aj\\i = 1: 

iii) the intrinsic sectional curvatures' absolute values ^^(A*)! of any tangent 
plane A 1 that is tangent to N l is bounded by some real number C\: 



\K Ni (A l )\ < CI 
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iv) the sectional curvature K Xi (£') of any tangent plane S l spanned by a vector 

tangent to Ni and the coordinate vector -^jl^ is bounded by negative 
constants 

-S\ < K x '(^) < -S h 

v) the norms of the curvature tensors R Xi of gx t are bounded: 



R 



A"; 



sup 

U,-||< 



^{r%1 A2 a 3 a 4 } 



A.AA < CI 



We now establish that the Riemannian embedding (Y, gy) of Y — M x Ni x N 2 
in (X,g x ) = (Xi,g Xl ) X {X 2l gx 2 ), determined by 

i: (t,y k ,y k ) — ► {t,y k ,t,y k ), 

satisfies the requirements a) - e) of Lemma [|: 

a) The pullback metric gy ■= i* gx on Y is 

° \ 

U 

9y = 



( 2 . 


: 9N{t,y k ,y l ) 

V 



(5) 



b) Let V = B + C be the unique decomposition of an arbitrary vector V £ 
T(p jq )N into the sum of the lifts B, C of vectors B £ T p N x and C £ T q N 2 
onto T(p >q \N. 

With R 1 (B, B) = 2H Y (B,B), II 2 (C,C) = 2II Y (C,C) and 
II Y (B,C) = it follows 



R Y (B + C,B + C) 
g Y (B + C,B + C) 



II Y (B,B) + H Y {C,C) 

gY{B + C,B + C) 
1 I^iB.B) + H 2 (C,C) 



> — min 
~ 2 



2 g Y (B + C,B + C) 
1 m . t !l\B,B) H 2 (C, C) } 
\g Nl (B,BY g N2 (C, C)J 

= 2 min { e i7£2} =: e- 

c) Consider a tangent plane T in TY at {t,p,q} £ Y that is tangent to N l . 
But is the Riemannian product AT* = N{ x N%. Therefore it is 

\K N (T)\ < maxjc!, C 2 } =: G x . 
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d) Let B,C € T(t, P ,q)Y be as in b), thus tangent to N, and such that B + C 

has unit length in (Y, gy) and set A := -^-§t\(t.p.q)- Thus A and B + C are 
orthonormal in (Y, gy). Recall that rij := dimNi, i = 1,2. Coordinates 
(t, y l ) in Xl and (t, in X 2 naturally induce coordinates in X = X\ x X2 
and thus l + n 1 + n 2 coordinate functions (t,y l ,y k ) on y. In the following 
the various indecies are i,j € {2, 3, n\ + 1} and k, I € {rii + 2, n x + 
n 2 + 1}. With that one calculates 

R-llij — ^llfcZ = ^R-llkl an d ^llifc = 0' 

and therefore 

+ = <R Y AS A,B> Y + <R Y Ad A,C> Y 

= 2<R^ iB A u B> Xl +2<Rf 2C A 2 ,C>x 2 

( = } K x i(A u B) <B,B> Xl + K X *(A 2 ,C) <C,C>x 2 

Note, that in (*) we made use of < A i7 Ai >Xi~ i = 1,2. 
With that we finally achieve 

-5' := min{-5'i, -c5' 2 } < K Y (A,B+C) < max{-Ji, -£ 2 } =: 

e) In order to show 

II R Y II := sup { < R Y Ai A2 A 3 ,A 4 > Y } < C 2 

\\A t \\<l >■ ' 

we emphasize that the sectional curvature's absolute value \K Y \ is bounded: 
Let therefore T be an arbitrary tangent plane in TY spanned by the two 
<?y-orthonormal vectors 



a+b = 4 
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and C — c l 



(t, y *) dy i {t, y ") ' dy 

For the sectional curvature of T one has 

K Y {T) = < R Y c A,C>y +2< R Y C B,C> Y 



(t,v k ) 



A) B) 
B C B ^ 



+ < C B, C >y . 



c) 

Thus it sufficics to show that the terms A), B) and C) are bounded: 



A) < R Y A C A, C >y is bounded due to d). 
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B) Denote by Zf lX 2 the second fundamental form tensor of Y in X\ x 

X 2 . With H XlxX2 {A 1 B) = = II XlxX2 (A,C) the Gauss equation 
yields 

< R\ c B, C >y = < Ra cB, C >XiXX 2 — < Rj^c^B-, C >X 1 y.X 2 ■ 

Thus it follows from condition v) that B) is also bounded. 

C) From \K 9x i | < A* and m) it follows from the Gauss equation that 

II l (v l ,v i )II 1 (w l ,w l ) - II l (v l ,Wi)lP(v l ,w i ) 

are bounded by some constants for all gj^-orthonormal systems {vi, Wi}, 
which together with ii) implies the existence of constants such that 

lP(Vi,Vi) 

Hence we find as in b) II Y {B, B) < I for all B e TY tangent to N 
of norm ||B|| sy = 1. From 

e < II Y (B,B) < e 

for all B 6 TF tangent to AT of norm ||B|| SY = 1 one achieves 

e 2 < n Y (B,B)II Y (C,C) - II Y {B,C)II Y {B,C) < i 2 

for all gy-orthonormal systems {B, C}. 

Therefore it follows from the Gauss equation and condition c) that 
the term C) is also bounded. 

Now a) - e) ensure that we can apply Lemma ^. Thus the validity of Proposition 
follows. 

q.e.d. 

Corollary 1 Let (X\ , gx 1 ) and (X% , gx 2 ) be two Hadamard manifolds with 
pinched negative sectional curvature —b\ < K Xi < — a| < 0, a^, hi G R, i = 1, 2. 
TTien i/ieir Riemannian product admits a Riemannian hypersurface that is bilip- 
schitz to a Riemannian manifold (Y,gy) of negative sectional curvature bounded 
by —b 2 < K 9 y < —a 2 < for appropriate a,b el. 

Proof of Corollary |l|: 

Write the factors in horospherical coordinates and apply Proposition [j]. 

q.e.d. 
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Note that the additional boundary condition ensures that the horospheres' in- 



trinsic curvature is also bounded ([BuKa]). It is for that reason that our method 
of prove requires this extra condition. 

Since (Y, g^) is bilipschitz to (Y,gy) it suffices to prove that the Riemannian 
embedding {Y,gy) is bilipschitz to (X, gx)- 

Denote the Riemannian length function on Y, that is induced by the metric 
gy := j* gx on 7, by dy and that on X, induced by the Riemannian product 
metric gx , by dx ■ With that we find the inequalities 

dx(j(p),j(q)) < dy(p,q) < (2V2 + 2) • d X (j(p), j(q)) Vp,Q G Y, 

While inequality a) merely is a consequence of the fact that (Y,gy) is a Rie- 
mannian submanifold of [X, gx), inequality b) requires more attention. Note 



that the idea for the following construction is due to Brady and Farb ([BrFa]). 
We denote the various canonical projections as follows: 

7Tj : X > Xi t : Xi > M 

i] ■ Y — > N rfi : X — > N t 

Consider an arbitrary differentiable curve c : [t p ,t q ] — > X connecting j(p) G X 
with j(q) G X. The idea is to construct a curve c : [a,Lu] — > Y that connects 
peY with q £ Y, whose Riemannian length Ly(c) in (Y, gy) is bounded by a 
constant times the Riemannian length Lx(c) of c in (X, gx)- 
Therefore we consider the projections Cj := 7T, o c of c to the factors Xi, i = 1,2, 
that connect pi := ^i(j(p)) with qi := iri(j(q)). The further projections ti o a 
are continuous, thus the set K. := Uj=i,2(ti o Ci)([t p , t q ]) C K is compact and 
therefore takes its maximum (tj o Ci )(b) for some b € [t p , t q ], io e {1, 2}. 
The continuous and piecewise differentiable curve c in Y we are going to follow 
from p to q consists of three differentiable segments v\, 7 and «2 as follows: 

• v\ has constant projection -qovi to N\ x AT 2 , that is given through rjovi = 
(f?i(Pi)) VziPz)), while its projection to R is t o «i = (t io o c io )|[ tpjb ]. 

• 7 is the curve keeping its projection to M constant: (t 07) = (t io o Ci )(6), 
while varying along Ni x iV2 with 77(7) = (?7i(ci), 772(02)). 

• i>2 again has constant projection r\ o 7j 2 to JVi x W2 that is 77 o v% = 
(»7i 1^2 (92))- Its projection to R is t o v 2 = {U o Ci )\[b,t q ]- 

The length of 5 := 1)2 * 7 * fi is the sum 

Ly-(c) = Ly(ui) + Ly(7) + iy(7J 2 ). 
From (||) it directly follows, that 

Ly(v m ) = V2 ■ L(u,dt 2 )((U <k )\i m ) 

< V2 ■ L(H,dta)(*» D c io) 

< \/2.L x (c), (6) 
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where 1\ — [t p , b] and I2 — [b, t q 



Now we know that the natural diffeomorphisms 0f : Nj — > Nf are length 
contracting for t < t' . With that and the particular choice of b it is 



M7) 



t0 ((^°7)',('7 o 7)' 

tQ ((»7i c )'; Oft c )') + ffi- N t (iV2 ° c)', (r/2 o C )'J 



fly 



dt 



< 



9y 



Nt (Oft c)', (Vi c)'J + gy Nt {{m o c)', (772 o c)'J 



< 2-L x (c). 



(7) 



where i := i**o c in)( fe )- 

Thus with (pft and (M) we can conclude that for an arbitrary curve c in X con- 
necting two points j(p), j(q) £ j{Y) C X there exists a curve c in Y connecting 
p and q with 

L Y {c) < (2V2 + 2) L x {c). 



Thus the required inequality b) follows by the definitions of the Riemannian 
length functions. 

Finally note that the generalization to products of finitely many Hadamard- 
manifolds of pinched negative sectional curvature is straight forward using once 
again that products of quasi-isometric maps are quasi-isometric. 

q.e.d. 



3 Proof of Theorem 



Recall the definition of the hyperbolic rank as given in [BuySch]: 

Definition 2 Let X be a metric space. Then the hyperbolic rank, rank^X , of 
X is defined via 

rankhX := sup dimdocY, 

Y 

where the supremum is taken over all locally compact CAT(— 1) Hadamard 
spaces Y quasi-isometrically embedded into X and dooY denotes the topolog- 
ical dimension of the boundary ofY. 
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In BuySch the authors proved the subadditivity of this hyperbolic rank with 
respect to products of Hadamard manifolds of pinched negative sectional cur- 
vature. This together with the following Lemma, that states the corresponding 
superadditivity, yields the proof of Theorem ^|. 

Lemma 2 The hyperbolic rank, rankh, is super additive with respect to Rie- 
mannian products of Hadamard manifolds (Xi,gi) of pinched negative sectional 
curvature, i.e., for the Riemannian product (X,g) of the (Xi,gi), i = l,...,k, 
one has 

k 

rank h (x,g x ^J > ^ rank h (Xi, g^j . 
Proof of Lemma ^: 

From the Morse' quasi-isometric lemma it easily follows that rankh(Xi) — 

k 

dimXi — 1. From Theorems we further conclude rank^X > —k + ^ dimXi 

i=i 

and thus 

k k k 

rank^X > — k + ^""^ dimXj = [dirnXj — 1) = rankh [Xj,gj) . 

i—1 i—1 i—1 

q.e.d. 

UNIVERSITAT ZURICH, MATHEMATISCHES INSTITUT, WINTERTHURERSTRASSE 
190, CH-8057 ZURICH, SWITZERLAND 

E-mail addresses: foertsch@math.unizh.ch vschroed@math.unizh.ch 



References 

[BuKa] P.Buser & H.Karcher, Gromov's almost flat manifolds, Societe 
Mathematique de France, 1981 

[BuySch] S.Buyalo & V.Schroeder, Hyperbolic rank and subexponential 
corank of metric spaces, in preperation 

[BrFa] N.Brady & B. Farb, Filling-Invariants at Infinity for Manifolds 
of Nonpositive Curvature, Transactions of the American Mathe- 
matical Society, Vol. 350, Num. 8, 1998 

[Foe] T.Foertsch, Bilipschitz Embeddings of Negative Sectional 
Curvature in Products of Warped Product Manifolds, to ap- 
pear in the Proc. of the AMS 

[Gr] M.Gromov, Asymptotic invariants of infinite groups, Geometric 

Group theory. Editors: Niblo, Roller, London Math. Soc, Lecture 
Notes Series 182 Vol.2, Cambridge University Press, 1993. 

[Leu] Corank and Asymptotic Filling-Invariants for Symmetric 

Spaces, Geometric and Functional Analysis, vol.10, no4 (2000), 863- 
873 



11 



